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ULRICH BUNDLES ON SURFACES WITH q = pg = 0
ARNAUD BEAUVILLE
ABSTRACT. We prove that any surface with q = pg = 0 embedded by a sufficiently large linear system
admits a rank 2 Ulrich bundle. In particular every Enriques surface admits a rank 2 Ulrich bundle.
Let X ⊂ Pn be a complex projective variety of dimension d . A Ulrich bundle on X is a vector
bundle E on X satisfying H•(X,E(−1)) = . . . = H•(X,E(−d)) = 0 . This notion was introduced
in [ES], where various other characterizations are given; let us just mention that it is equivalent to
say that E admits a linear resolution as a OPn -module, or that the pushforward of E onto P
d by a
general linear projection is a trivial bundle.
In [ES] the authors ask whether every projective variety admits a Ulrich bundle. The answer is
known only in a few cases: hypersurfaces and complete intersections [HUB], del Pezzo surfaces [ES,
Corollary 6.5], abelian surfaces [B], sufficiently general K3 surfaces [AFO]. We show here that the
Lazarsfeld-Mukai construction produces a rank 2 Ulrich bundle on any surface with q = pg = 0 ,
provided the linear system |OS(1)| is large enough :
Theorem. Let S ⊂ Pn be a surface with q = pg = 0 . Assume that the linear system |K
−1
S (1)| contains an
irreducible curve. Then S admits a rank 2 Ulrich bundle.
In particular, every Enriques surface S ⊂ Pn admits a rank 2 Ulrich bundle.
Proof : Let C be an irreducible curve in |K−1S (1)| ; we have OS(1)|C = ωC . Let A be a general line
bundle of degree g(C) + 1 on C . Then h0(A) = 2 , h1(A) = 0 , and A is generated by its global
sections. Let E be the kernel of the evaluation map H0(C,A) ⊗ OS ։ A . This is a rank 2 vector
bundle on S . From the exact sequence
0→ E → H0(C,A) ⊗ OS → A→ 0
we get H•(S,E) = 0 . Since detE = OS(−C) , E(1) is isomorphic to E
∗ ⊗KS , thus H
•(S,E(1)) = 0 .
Therefore E(2) is a Ulrich bundle for S .
Remarks .− 1) It might be that every Enriques surface carries actually a Ulrich line bundle. In [BN] the
authors conjecture that Enriques surfaces with no (−2)-curves admit a Ulrich line bundle, and prove
that conjecture in a significant case.
2) Minimal surfaces with Kodaira dimension 0 fall into 4 classes, namely K3, Enriques, abelian
and bielliptic surfaces. A bielliptic surface S admits a finite e´tale covering pi : A → S by an abelian
surface A ; if L is a very ample line bundle on S and E a Ulrich bundle for (A, pi∗L) , then pi∗E is a
Ulrich bundle for (S,L) . Thus all minimal surfaces with Kodaira dimension 0 admit a Ulrich bundle,
except possibly some special K3 surfaces.
3) Let S ⊂ Pn be a surface with q = pg = 0 , such that OS(1) ∼= K
r
S , with r ≥ 3 . One can show that
the linear system |Kr−1S | contains an irreducible curve, hence S admits a rank 2 Ulrich bundle.
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